Analyzing metabolic pathways by means of their steady states has proven to be accurate and efficient for practical purposes. The models such as elementary flux modes (EFMs) and extreme pathways (EPs) define the boundaries of the metabolic flux cone that is the set of all steady states of a pathway. However, the contributions of the subsets of pathway components in this flux cone so far has not been characterized mathematically. Also, the functional similarities of different component sets (e.g., sets of reactions) has not been expressed as a function of the steady states of metabolic pathways. Here, we aim to fill this gap by proposing a model that quantifies the impact of a set of components on the steady states of a pathway by using EFMs. At a high level, we model the impact of a given component set as the change in the flux cone when all the elements of that set are inhibited. Furthermore, given two sets of components from different pathways, we measure their functional similarity as the similarity of their impacts on corresponding pathways. Computing this functional similarity is a computationally challenging task as it requires finding the volumes of the intersection and the union of two polyhedral cones in high dimensional space. These volumes cannot be expressed in closed form. In this paper, we develop a novel method that first transforms the polyhedral cones to polytopes and then uses minimum enclosing balls to approximate this intersection efficiently. Our experiments on real metabolic pathways demonstrate that our method is of great use for both measuring the impacts of pathway components and identifying functionally similar component sets.
INTRODUCTION
In the last decades, significant amount of research has been done on identification and reconstruction of biological pathways such as gene regulatory [15, 26, 29] , protein interaction [30] and metabolic pathways [3, 7] . This resulted in a wealth of interaction data which attracted attention of many computational biologists. Among these, metabolic pathways is an essential class that represents how compounds are transformed from one to another through metabolic reactions. Comparative analysis of these pathways is necessary to identify component sets that perform similar biological functions in different pathways. Identifying these similarities is of utmost importance for many applications such as drug target identification [4, 22] , phylogeny reconstruction [8, 9] , metabolic engineering [24] and biocommodity engineering [13] . Often homological and topological features of the pathways have been used for this purpose. However, the biological functions of two reaction sets can be equivalent even when their size, connectivity, intermediate products and catalyzing enzymes are different [1, 2] . Therefore, neither the topological features (e.g., centrality) nor the homological similarities (e.g, enzymes similarity, compound similarity) can provide sufficient information for identifying such functional similarities.
Other than homology and topology based methods, another common way to analyze metabolic pathways is to identify their metabolic capabilities in terms of their steady states. A steady state of a pathway is a feasible flux distribution that represents a possible long term outcome of that pathway. The steady states of a pathway determine the set of functions it can perform. These states define a polyhedral cone in a high dimensional space where fluxes of the pathway corresponds to dimensions. Figure 1 depicts an example of a metabolic flux cone of a hypothetical pathway with three fluxes.
A number of models have been proposed to analyze the metabolic capabilities of a pathway, such as elementary flux modes (EFMs) [20] , extreme pathways (EPs) [25] , flux balance analysis (FBA) [23] and minimal metabolic behaviors (MMBs) [12] . All these models are different interpretations of the flux cone. They compute this flux cone using the stoichiometric constraints of the reactions of the underlying pathway in terms of its extreme rays emanating from the origin of the high dimensional flux space. We elaborate on these models and some important properties of the metabolic flux cone in Section 2.
At this point, we explain the concept of EFM on a real example as it is an integral part of the rest of the paper. EXAMPLE 1. Figure 2 illustrates a metabolic pathway with 11 reactions and 7 compounds. Schuster et al. [18] identified six meaningful EFMs of this pathway. Each EFM is an 11 dimensional vector (i.e., one dimension per reaction). These EFMs are e1 = Figure 1: An illustration of the impact of a reaction set R on pathway P. P has five elementary flux modes (EFMs) denoted by e1, · · · , e5. After inhibiting all reactions in R, only four of these remain feasible, namely e1, e2, e4 and e5. The impact of R on P is the change in the flux cone represented by the shaded polyhedral cone bounded by e2, e3 and e4.
Biologically, e1 corresponds to glycolytic pathway; e2 represents the anaplerotic path from glucose (Glu) to oxaloacetate (OAA); e3 and e4 are gluconeogenesis pathways starting from pyruvate (Pyr) production and oxaloacetate respectively; e5 represents the conversion from pyruvate to oxaloacetate; and e6 is on the route to synthesis of several amino acids in glucose-poor environment [18] . Each of these EFMs are non-decomposable (i.e., minimal) in the sense that if any of nonzero flux values for ei is set to zero, then ei is not an EFM anymore.
Each component (i.e., enzyme, compound, reaction) of a pathway can contribute to the set of possible steady states of that pathway. The above models (EFMs, EPs, etc.) are key tools in examining the overall steady state behavior. They, however, do not provide any information on how much each component or a component set contributes to these steady states. Analyzing and quantifying the impacts of these components provide a better understanding of the pathway. When the reactions of a pathway are of interest, several existing approaches measure the impact of a reaction as the number of its neighbors (centrality) [14] , the number of compounds it uniquely produces or consumes (UP/UC) [17] and the number of EFMs that it participates in (participation) [5, 16] . However, none of these methods characterize the biological functions of a reaction set as a function of the steady states of its pathway. Characterization of the impact of a reaction set on the overall metabolic capabilities of a pathway is an exciting task as it is of great use to model the outcomes of different perturbations for metabolic engineering applications.
In this paper, we develop a systematic way to characterize and compute the functional similarity between two given reaction sets of metabolic pathways. We achieve this goal in two steps. We elaborate on these steps later in this section and in the rest of the paper.
• Step 1. Given a metabolic pathway P and a subset R of its reactions, we calculate the impact of R on the steady states of P.
• Step 2. Given pathways P,P and subsets of their reactions R andR respectively, we compute the functional similarity of R andR in terms of their impacts on P andP respectively.
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Figure 2: Simplified metabolic pathway of Glycolysis and Gluconeogenesis taken from Schuster et al. [18] . Glucose is assumed to be an external compound. This pathway contains 11 reactions denoted by r1, r2, · · · , r11. Here, r10 and r11 are exchange reactions.
At a high level, we model the impact of a reaction set (R) in terms of the steady states of its pathway (P). Specifically, we compute it as the portion of the flux cone of the original pathway that cannot be achieved without the reactions of R. To do this, we inhibit all the reactions of R and compute the new flux cone. The difference between the old and new flux cones is the impact of R on pathway P. Figure 1 demonstrates the notion of impact on a hypothetical example. The grey portion illustrates the flux values that are reachable in steady state before inhibiting the reactions in R but not reachable after inhibiting them. If there is a steady state flux distribution that corresponds to a key biological function (e.g., optimal production of a certain compound that is essential for the survival) in this grey area, then the perturbation harms this function as this state could not be achieved any more. Intuitively, this suggests that R has an important role in that specific function.
EXAMPLE 2. Here, we want to illustrate on a real example how the impacts of different components of a pathway can be significantly different. We use the same pathway as in Example 1 (see Figure 2 ). Consider the impacts of two irreversible reactions r1 and r7. When we inhibit r1, the two EFMs e1 and e2 are no more feasible. This implies that the perturbed pathway is neither capable of using glycolytic pathway nor the anaplerotic path from glucose to oxaloacetate. On the other hand, it can still synthesize necessary amino acids without using glucose through e6. However, if we inhibit r7, it will render the EFM e6 useless in addition to e1 and e2. In this case, the perturbed pathway cannot synthesize necessary amino acids neither with nor without using glucose. Hence, the effect of inhibiting r7 is more likely to be lethal compared to r1. We can see how this translates into our impact model by a closer look at EFMs e1, e2 and e6. e1 and e2 are different for only 3 dimensions whereas e6 differs from e1 and e2 in 6 and 7 dimensions respectively. This implies that the shift in the flux cone by r7 which exterminates e6 on top of e1 and e2 will have effect on 7 more dimensions than the shift caused by r1. Therefore, in our model, the impact of r7 on this pathway will be significantly larger than the impact of r1. We discuss how the impacts of reaction subsets computed in this manner can be used to predict essential reactions in Section 5.
Utilizing the impacts as modeled above, we characterize the functional similarity between two reaction sets from potentially different pathways. We do this by first lifting the flux cones of both pathways to a higher dimensional flux space that is the union of flux spaces of these pathways. The term lifting denotes the transformation of a geometric object to a higher dimensional space. We explain why we use the union of flux spaces in Section 3. Here, it is necessary to know that this process preserves EFMs of the flux cones. In other words, by lifting an EFM of an original pathway to the new flux space, we get an EFM of that pathway extended with additional fluxes. We, then, represent the functional similarity of two reaction subsets as the ratio of the volume of the intersection of the regions corresponding to their impacts on their pathways in the new flux space to that of their union.
Functional similarity modeled in this fashion is an accurate indicator of the similarities of biological roles of different reaction sets as it represents the ratio of the common steady states that are not possible without the contribution of these reaction sets in their pathways. The next step is to devise an efficient method that quantifies this notion. Here, we propose a novel method that utilizes EFMs of metabolic pathways and converts functional similarity calculation into a high dimensional geometric problem. The set of EFMs generates the space of steady state flux distributions for a pathway. In case of metabolic pathways with only irreversible fluxes, the set of EFMs that delineates the flux cone is unique. Additionally, the flux cone is polyhedral in this case and therefore it is finitely generated [12] . In other words, for a given pathway P, its flux cone C(P) is uniquely defined by the set of EFMs E(P)={e1, e2, ..., en}. To compute the EFMs of a pathway, in our method, we use an existing implementation called Metatool [20] . First, we compute the EFMs of the query pathways, say P andP, by using Metatool. Each set of EFMs generate the original flux cone of the corresponding pathway. Then, for a given reaction subset R of a pathway P, we first remove all the reactions of R from this pathway. Biologically, this corresponds to inhibiting the enzymes that catalyze these reactions. Then, we compute the region that represents the impact of R on P. Due to the non-decomposability property of EFMs, the impact can also be represented as a polyhedral cone and has a set of EFMs that defines it. We denote this set by E(P − R). Similarly, we compute E(P −R) for the impact ofR onP.
At this point, we have two sets of EFMs in hand that define two polyhedral cones. Now, the problem of finding the functional similarity of R andR is equivalent to purely geometric problem of finding the intersection and the union of these two cones. This, however, is computationally difficult as there is no closed form solution to this problem. To tackle this, we first transform the polyhedral cones into polytopes by taking their intersections with a hyperplane in the positive quadrant (i.e., all flux values are non-negative). We show that this transformation preserves the ratio between the intersection and the union of the flux cones. Then, we compute the intersection of these polytopes as the intersection of their minimum enclosing balls (MEB). Finding MEB is a well-studied computational geometry problem and efficient solutions exist for problems with up to a few hundred dimensions. We use an efficient implementation of Fischer et al. [6] to compute MEBs. Finally, we normalize this intersection and convert it to a functional similarity score. We elaborate on each step of our method in Section 4.
Our experiments on real metabolic pathways show that the functional similarity we propose here is of important use for identifying reaction sets that perform biologically similar functions. Moreover, we observe that our definition of impact can provide biologically and statistically significant predictions of essential reaction sets.
The following summarizes our technical contributions:
• We build a mathematical model for the impact of a set of reactions on the steady state space of a metabolic pathway.
• We characterize the functional similarity of two sets of reactions in terms of their impacts on the metabolic capabilities of their corresponding pathways.
• We develop an efficient method to compute the functional similarity of component sets from different pathways.
The rest of the paper is organized as follows. Section 2 summarizes existing approaches for analyzing metabolic pathways. Section 3 describes how we model the impacts of reaction sets as well as the functional similarity between them. Section 4 presents our method that computes the functional similarity score. We report our experimental results in Section 5. Section 6 briefly concludes the paper.
BACKGROUND
There are several existing methods that model metabolic pathways by means of their steady states. Here, we briefly describe four commonly used models, namely elementary flux modes (EFMs) [20] , extreme pathways (EPs) [25] , flux balance analysis (FBA) [23] and minimal metabolic behaviors (MMBs) [12] . FBA differs from the other three models as it aims to find a steady state that maximizes a given objective function. All the other models define the flux cone of a pathway that contains all of its possible steady states. In order to use FBA we need to know the objective of the cells that we are analyzing. This objective is often maximizing biomass production in single cell organisms. However, in complex organisms different cells have different objectives and it is usually not possible to represent these objectives as a well-defined mathematical function. Furthermore, FBA does not identify suboptimal states which provide better understanding of the steady state flux distribution for perturbed pathways [21] .
A relatively newer model named MMBs defines the flux cone using a constraint-based approach. This method uses an outer description of the flux cone which is more compact compared to an inner description. Instead of finding the extreme rays of a flux cone, MMBs identifies the sets of constraints that define the minimal proper faces of the cone. These sets of constraints are all subsets of nonnegativity constraints of irreversible reactions and they form the MMBs of the pathways. MMBs together with reversible metabolic space (RMS) uniquely determine the flux cone. Also, this model provides a test for determining whether a given flux distribution belongs to the cone. However, it does not provide a means of generating all the steady state flux distributions.
Two popular and closely related models that use an inner description of a flux cone are EFMs and EPs. An EFM is a minimal set of reactions that can operate at steady state with all irreversible reactions having nonnegative rates. An EP is an EFM that corresponds to a steady state which defines an extreme ray of the flux cone. For any metabolic pathway, the set of EPs is a subset of the set of EFMs and both of these sets generate the flux cone. Klamt et al. [11] point out that these two sets are often equal for realistic applications. In fact, they state that if all exchange reactions in a pathway are irreversible then the sets of EFMs and EPs coincide. Another very useful property of EFMs is that reconfiguring a pathway by splitting up all its reversible reactions into two irreversible reactions does not change the set of its EFMs. By using these two properties, for a pathway with no irreversible exchange reactions, we always get a flux cone in the first quadrant of high dimensional flux space that is generated by a set of extreme rays emanating from the origin. The set of these extreme rays is equivalent to the set of EFMs as well as the set of EPs. The convex combinations of the elements of this set immediately generate all possible steady state flux distributions.
In our method, we use EFMs to characterize the flux cones. One reason behind that is, we need a model that can represent all the metabolic capabilities of a pathway rather than only the optimal steady state. Another reason is that, metabolic pathways we consider have no irreversible exchange fluxes and the set of EFMs coincide with the set of EPs. Hence, it is only to avoid confusion we use the name EFMs for that set. Furthermore, the non-decomposability property of EFMs (i.e., no non-empty, proper subset of the reactions of an EFM can lead to a steady state) is useful when considering different perturbations on the pathway. By using the set of EFMs of a pathway and analyzing the effects of different perturbations on this set, we devise a method that computes the impacts and the functional similarities of different reaction sets.
MODELING FUNCTIONAL SIMILARITY
In this section, we describe how we mathematically interpret the impact of a set of reactions on the metabolic capabilities of a given pathway. Also, we discuss how we model the functional similarity between different reaction sets.
Consider a metabolic pathway P with n reactions U (P) = {r1, r2, . . . , rn} and d fluxes F (P) ={f1,f2,. . . ,f d }. Let S be the stoichiometric matrix of P that consists of one column for each flux fi∈ F (P) which identifies the input and output compounds of that flux.
T be a flux vector that represents the state v in which each vi is the value realized by flux fi. Then, S · v computes the change in each flux from v to the next state. The solution space of the equation system S · v = 0 is the set of all states in which the flux values stabilize. This set has infinite number of solutions which form a cone in high dimensional space. We can write this flux cone as the spanning set of the EFMs of the pathway. If E(P) ={e1,e2,. . . ,et} is the set of EFMs of pathway P, then the flux cone C(P) is:
We want to consider the impact of a reaction set R on the original flux cone of pathway P. In other words, we want to obtain a mathematical expression for the change in C(P) when all the reactions in R are inhibited. We represent the pathway perturbed in this manner with P − R. Also, we denote the flux cone and the EFMs of P − R with C(P − R) and E(P − R) respectively. Below is a formal statement of impact: DEFINITION 1. (IMPACT) Let P be a metabolic pathway with reaction set U (P). The impact of a reaction subset R ⊆ U (P) is:
where E(P) and E(P − R) are the set of EFMs of P and P − R respectively.
Inhibiting reactions can only shrink the flux cone. Furthermore, from the non-decomposability property of EFMs, we know that all EFMs of P − R are also EFMs of P. That is, E(P − R) ⊆ E(P). As a result, for the metabolic pathways with only irreversible fluxes Impact(R, P) is also a polyhedral cone and has a set of EFMs that generates it. When reversible fluxes are present, we split them into two different fluxes in opposite directions and this property still holds. The set of EFMs that define Impact(R, P) is a subset of the EFMs of the original pathway and we can construct it by checking for each ei ∈ E(P) whether it has any nonzero flux value for a reaction that is an element of R. If ei has zero entries for all the reactions of R, then ei is an EFM of Impact(R, P). The set of these EFMs define the flux cone of this impact. Using this model of impact, we are now ready to present our characterization of functional similarity between different reaction sets.
Let P,P be two metabolic pathways. Clearly, these two pathways can have different fluxes as well as common ones. If all the fluxes are not common to both pathways, then C(P) andC(P) lie on different spaces. To be able to compare these two cones and the impacts of perturbations on them, we need them to be in the same high dimensional flux space. One way to do it is to take only the common fluxes and project the sets of EFMs that generate the flux cones. However, again by non-decomposability property of EFMs, the projected EFMs may not be feasible anymore. This results in erroneous steady states which do not reflect the actual capabilities of the corresponding pathway. In order to bring the two flux cones to the same flux space without affecting the steady states they represent, we lift them to a higher dimensional space defined by the union of the fluxes of two pathways. We do this by simply extending the EFMs with zeros for non-common fluxes. The lifting process guarantees that the EFMs of both pathways stay as EFMs in the new flux space and the new flux cones reflect the metabolic capabilities correctly. We use the notation Impact(R, P|P) to represent the impact of R on pathway P in the new flux space that is the union of the fluxes of P andP. We define the functional similarity between the reaction sets R of P andR ofP as the unexpectedness of the size of the intersections of their impacts in this new flux space. Formal definition is as follows.
DEFINITION 2. (FUNCTIONAL SIMILARITY)
Let P andP be two metabolic pathways. Let R,R be two given subsets of the reactions of P andP respectively. Also, let Impact(R, P|P) and Impact(R,P| P) denote the impacts of R andR in the flux space defined by the union of the fluxes of P andP respectively. If s is an arbitrary flux distribution in this space, then we define the functional similarity of R andR as:
Sim(R,R|P,P) = − log 1 − P r s ∈ Impact(R, P|P) ∧ s ∈ Impact(R,P|P) s ∈ Impact(R, P|P) ∨ s ∈ Impact(R,P|P)
Here, the symbols ∧ and ∨ denote logical "AND" and "OR" operators respectively. Intuitively, the above definition states that two reaction sets from different pathways serve similar functions if the sets of steady states they contribute to their own pathways have a significant intersection. The probability value (i.e., Pr()) increases linearly in the interval [0, 1] with the ratio of common steady states of the impacts of R andR. Its value becomes 1 when two impacts are identical.
Computation of the functional similarity as formulated above is a nontrivial problem. It requires finding the intersection and the Figure 3 : Pictorial description of functional similarity. The pentagon on the left is a cross section of the flux cone of pathway P. Similarly, the hexagon on the right represents the flux cone forP. The dashed areas denote the impacts of reaction sets R on P andR onP. Functional similarity of these impacts is determined by their intersection that is pointed by the arrow.
union of two polyhedral cones in a high dimensional space. Neither of these problems has a closed form solution. In the next section, we propose an efficient method that allows us to compute the functional similarities of reactions sets for real sized pathways. In Section 5, we present experimental results that illustrate how our method performs on real metabolic pathways.
COMPUTING FUNCTIONAL SIMILAR-ITY
Computing the functional similarity between two reaction sets (R of P andR ofP) requires solving several challenging problems. First of all, we need to identify the impacts of both reaction sets on their pathways. Then, we need to find a high dimensional flux space in which EFMs of original pathways are preserved. In this new flux space, we need to compute the hyper-volume of the intersection of two polyhedral cones as well as the hyper-volume of their union. After solving all these problems, we can calculate the functional similarity between R andR in terms of their impacts on the metabolic capabilities of their pathways.
Algorithm 1 outlines our solution. Before going into details of each step of this algorithm, we explain our solution on a visual example. Figure 3 illustrates the cross-sections of two flux cones belonging to two hypothetical pathways both in three dimensional flux space. The cross-sections are obtained by intersecting C(P) and C(P) with a two dimensional plane. Here, C(P) and C(P) are generated by 5 and 6 EFMs respectively. The dashed areas of this cross-section denote the impacts of R andR on their pathways as labeled. Both Impact(R, P|P) and Impact(R,P| P) have 3 EFMs that generate them. The double dashed area represents the intersection of these two impacts. The bigger this intersection is, the more similar the impacts, hence the functions, of R andR. In order for functional similarities of different reaction set pairs to be comparable, we normalize the size of this intersection by the size of the union of the impacts. In other words, what we are aiming to compute in Figure 3 is the ratio of the size of double dashed region to the size of the union of all dashed regions. For a three dimensional flux space, the problem is to find the intersection and the union of two areas in two dimensions. In general, if two flux cones lie in a d dimensional space the we need to find the intersection of two d − 1 dimensional polytopes.
Next, we elaborate on each step of Algorithm 1.
Algorithm 1 Computing Functional Similarity
Input: Two reaction sets R of P andR ofP Output: Sim(R,R | P,P) 1. Compute the EFMs of C(P) and C(P) (i.e., E(P), E(P)).
2. Find the EFMs of Impact(R,P) and Impact(R,P).
3. Compute −log 1 − Impact(R, P|P) ∩ Impact(R,P|P) Impact(R, P|P) ∪ Impact(R,P|P) .
I. Lift the EFMs of impacts into a higher dimensional flux space. II. Transform the polyhedral cones in this new flux space into polytopes by taking their intersection with a hyperplane. III. Bound the hyper-volumes of the created polytopes by finding their minimum enclosing balls (MEBs). IV. Find the hyper-volumes of the intersection and union of these MEBs and return the similarity score.
Finding the EFMs of Metabolic Pathways
In order to compute functional similarity of two reaction sets as a function of the steady states of the pathways, we first need to find the set of EFMs that generates the metabolic flux cone of a pathway. Identification of EFMs is a well-studied problem and a number of algorithms as well as their implementations are available [19, 20, 27, 28] . In this paper, we use a recent implementation of von Kamp et al. called Metatool [20] . We choose this tool as its an efficient implementation and is commonly used in the literature. Metatool uses the stoichiometric constraints and the reversibility of the reactions of a pathway in order to compute its EFMs. However, finding EFMs is a computationally expensive problem and even the most efficient algorithms cannot scale for pathways with more than 100 reactions. Therefore, this part becomes the bottleneck when we want to compute functional similarities of reaction sets of very large pathways.
Extracting EFMs of Impacts
After finding the EFMs of the original pathways P andP, the next step is to compute the impacts of reactions sets R andR on the corresponding flux cones of P andP in terms of the EFMs. In other words, we want to find the set of EFMs E(R) (E(R)) that represents the change in C(P) (C(P)) when all the reactions in R (R) are inhibited.
We discuss how we compute the change in C(P) due to inhibition of R next. The computation of that for C(P) andR is similar. As we explained in Section 3, the impact of a reaction set defines a polyhedral cone and the set of its EFMs is a subset of the EFMs of the original pathway. We construct this set of EFMs by checking for each EFM of the original pathway whether it is still feasible after inhibition of the corresponding reaction set. If an EFM does not remain feasible after inhibiting the reactions of R, then it is a member of the generating set of the polyhedral cone that represents the impact of R on P.
Here, we want to demonstrate on a hypothetical example how we extract the EFMs of the impact of a reaction set R of a given pathway P. Let U (P) ={r1,r2,r3}, F (P) ={f1,f2,f3,f4}, E(P) = {e1, e2, e3, e4, e5} denote the set of reactions, set of fluxes and the set of EFMs of pathway P respectively. Also, let r1, r2 be irreversible reactions corresponding to fluxes f1, f2 respectively, and r3 be a reversible reaction that is split into two irreversible fluxes f3 and f4. Let the flux values of five EFMs of this pathway be given as:
f1
Consider the impact of the reaction r1. The EFMs e1, e4 and e5 are not feasible after inhibiting r1 since f1 has a nonzero flux value at these EFMs. Therefore, the set E({r1}) = {e1, e4, e5} generates the polyhedral cone that represent the impact of r1 on P. For r3 there are two corresponding fluxes f3 and f4. Hence, the impact of inhibiting r3 is generated by the EFMs that have either nonzero values for either f3 or f4 (i.e., E({r3}) = {e1, e2, e3, e4}).
Extracting the EFMs of the impacts in this manner is more efficient than computing them from scratch for every different reaction set. This important reduction in computational cost of our method is due to the non-decomposability property of EFMs. These EFMs generate all the steady states that the reaction set in consideration contributes to its metabolic pathway. Next, we describe how we use these steady states to define the functional similarity between two such reaction sets.
Calculating the Similarity Score
Once we extract the EFMs of the impacts of R andR, it is conceptually easy to describe how we calculate the functional similarity between them. We measure the similarity as the unexpectedness of the size of the intersection of the cones representing these impacts. However, finding this similarity requires solving several computationally challenging problems. In the following, we summarize the steps we take in our solution to tackle these problems.
STEP I. As two pathways P andP can have different fluxes, we first need to find a common flux space in which the metabolic flux cones of these pathways are comparable. At this point the first attempt would be to find the fluxes that are common to both pathways and project flux cones onto that space. As we explained in Section 3, this approach results in incorrect EFMs that do not generate the correct flux cones of the pathways. Therefore, we use lifting instead of projection that extends EFMs with zero entries to lift the flux cones into a higher dimensional space.
Here, we explain how the flux cones are lifted to the new flux space on a hypothetical example. Let P,P be two metabolic pathways with fluxes F (P) ={f1,f2,f3,f4} and F (P) ={f1,f3,f5}. We denote new flux space that is the union of F (P) and F (P) as F (P+P)= {f1,f2,f3,f4,f5}. Let {e1= [1010], e2= [0011], e3 =[0100]} be the set of EFMs that generate the cone representing the impact of R on P. We lift this cone to the flux space of F (P+P) by adding zeros for f5 to each EFM. The new set
} is the set of EFMs that generate the impact of R in the new flux space. Similarly, we can lift the impact ofR onP to this new space. The impacts of any two reaction sets from P andP are comparable in the flux space of F (P+P).
STEP II. Now, we have two polyhedral cones in the same flux space each representing the impact of a reaction set on its pathway. What we need at this point is the ratio of the hyper-volume of the intersection of these two cones to that of their union. As we mentioned earlier, there is no closed form expression for either of these hyper-volumes. In order to avoid computing these hyper-volumes directly, we transform the polyhedral cones to polytopes in our high dimensional flux space. We do this by intersecting the cones with a hyperplane in the positive quadrant. If d is the dimension of the flux space F (P+P), then the intersection of a d − 1 dimensional hyperplane with a polyhedral cone is a polytope in d dimensions. By construction, this polytope is convex and is easier to deal with compared to a polyhedral cone.
This transformation clearly changes the hyper-volumes of the regions that correspond to the impacts of different reaction sets. However, what we aim to find is neither these hyper-volumes nor the exact hyper-volumes of the intersection and union of these impacts. Instead, our goal is to calculate the ratio of the hyper-volume of the intersection to that of the union (See Algorithm 1). Theorem 1 proves that our transformation of the flux cones into polytopes preserves this ratio.
LEMMA 1. Let e be an EFM of pathway P with d fluxes. Also, let S : n · x + c = 0 denote a hyperplane where n and x are both d dimensional vectors representing the normal and a point on this hyperplane respectively. If e intersects S than this point is of the form t e for some t ∈ R. Solving for t we get the intersection of the EFM e with hyperplane S as TS( e) = − c n · e e Proof: Omitted. THEOREM 1. Let C(R), C(R) be two polyhedral cones in d dimensional space that are generated by the EFMs E(R) = {e1, . . . , ea} and E(R) = {ē1, . . . ,ē b } respectively. Let S be any hyperplane in this space and HS(R) = {TS(e1), . . . , TS(ea)}, HS(R) = {TS(ē1), . . . , TS(ē b )} denote the polytopes created by the intersection of C(R) and C(R) with S respectively. Then,
olume(HS(R) ∩ HS(R)) V olume(HS(R) ∪ HS(R))
Proof: Let ei be an EFM of E(R). Consider all the hyperplanes S that are parallel to S. The normal vector for any S will be the same as the normal of S. This implies that the intersection point of ei with S (i.e., TS(ei)) is a constant multiple (t) of its intersection point with S (i.e., T S (ei)). This constant is same for each ei as S S and TS(ei) = t T S (ei) for all i ∈ [1, a]. The intersection points of E(R) with a hyperplane define the corners of a convex polytope on that hyperplane. Therefore, HS(R) and H S (R) denote two convex polytopes that are scaled versions of each other by a factor of t. Taking the ratio of the hyper-volumes of two such polytopes will cancel out the scaling factor. Hence,
when S S.
Now, if we do integration over all S that are parallel to S for the volumes of the polyhedral cones C(R) and C(R), we get:
Using the above formulations:
Computing V olume(C(R)∪C(R)) similarly and taking the ratio:
Theorem 1 states that we can convert our problem into a more familiar form without sacrificing accuracy. Our problem of calculating the ratio of the size of the intersection of the two polyhedral cones to that of their union is now transformed into finding this ratio for two convex polytopes.
STEP III. Even after transforming the two flux cones that represent the impacts into convex polytopes, computing the hyper-volumes of their intersection and union is still a difficult problem. We approximate the intersection and the union of these two polytopes by the intersection and the union of their minimum enclosing balls (MEBs). Figure 4 illustrates an example MEB that bounds a polytope in three dimensional space. In our case, we compute the MEBs of both polytopes in high dimensional space by using the method of Fischer et al. [6] . This method computes the MEBs of point sets instead of polytopes. Therefore, we treat each corner of our polytopes as a point and then compute the MEB of these points. This MEB is the same as the MEB of the actual polytope as this polytope is convex by our construction. Computing MEBs for large number of points can be done efficiently in spaces with up to a few hundred dimensions [6] . The MEBs we compute provide a simple parametric representation for the impacts of reaction sets in terms of a center and a radius in high dimensional flux space.
STEP IV. By using parametric representations of the MEBs, we find the intersection of the impacts of reaction sets as the points of the polytopes that lie in both MEBs. The union is trivial and is the set of all points of first polytope plus the ones of the second. We compute the MEBs of these points sets to get the radii of MEBs of the intersection and the union of the impacts. Let rint and run denote these radii respectively. Then, we calculate the ratio of the volume of the MEB of the intersection of impacts to the volume of the MEB of their union as c d .r . Finally, we compute the functional similarity by subtracting this ratio from 1 and taking the minus logarithm of the result.
EXPERIMENTAL RESULTS
In this section, we experimentally evaluate the performance of our method. First, we measure the accuracy of our method in identifying reaction sets of different pathways that are functionally equivalent. We compare our functional similarity score with several existing similarity scores in this setting. Then, we test whether our method can be utilized to predict essential reactions of a given metabolic pathway. We modify our functional similarity score to define an essentiality score and we calculate its statistical significance.
Dataset:
We use the metabolic pathways taken from KEGG pathway database. We use 12 different pathways of E.coli K-12 MG1655. The average number of reactions per pathway is 20.75. The largest pathway in our database (Pyrimidine metabolism) has 69 reactions, 60 compounds and 1,007 EFMs.
Environment:
We run all the experiments on a desktop computer running Ubuntu 9.10 with one processor and 2 GB of RAM.
Identification of Functional Similarities
Our motivation for identifying functionally similar reaction sets is that metabolisms of different organisms can perform the same func-tion through different sets of reactions. Here, we evaluate the accuracy of the similarity measure we describe (Section 4) for identifying reaction sets with similar biological functions.
In this experimental setting, we compare three existing similarity measures with the functional similarity we propose. The first similarity measure, Degree similarity, takes into account only the topological features of the pathways [14] . This measure considers two reaction sets from two possibly different pathways as similar if the in and out degrees of the reactions in these sets are similar. This suggests that the reaction sets with central reactions in one pathway tend to be similar to the reactions sets that contain reactions with high centrality in the other pathway. The second existing measure is the UP/UC similarity [17] . UP/UC suggests that the number of compounds that are uniquely produced or consumed by a reaction is a good indicator of the biological role of that reaction. If this number is similar for the reactions of two reaction sets we compare, then they are considered to have similar functions by the UP/UC measure. The last existing approach is Reaction participation similarity [5, 16] . Reaction participation uses the number of EFMs that a reaction participates in to measure the importance of that reaction for the pathway. Unlike the first two approaches, reaction participation similarity uses the steady state information of the metabolic pathways. However, it considers each EFM equally important and it only counts the number of EFMs that a reaction participates in. As a result, it can over or underestimate the contributions of different EFMs in the metabolic capabilities of a pathway.
In order to have a fair comparison between existing measures and the one we propose, we introduce functionally equivalent reaction sets by perturbing a given pathway. We randomly combine two neighbor reactions of the original pathway with a given probability.
We do this for all reaction pairs to attain a perturbed instance of the pathway. This way we isolate the effects of other factors (e.g., pathway size, number of EFMs, etc.) and can create reaction sets in the perturbed pathway that precisely have the same function as another reaction set in the original pathway. A reaction in the perturbed instance is a combination of two reactions of the original pathway and is functionally equivalent to the set of these two reactions. We take each reaction from a perturbed pathway that represents a combination, then compare it with each connected reaction set of size at most two of the original pathway. We, then, calculate the recall of each method as the percentage of the functionally equivalent reaction sets it identifies in top-k scoring reaction sets.
We compare the average recall values of different similarity measures when we use 100 perturbed instances of the energy metabolism of E.coli. This metabolism is a combination of four different pathways in the KEGG database, namely reductive carboxylate cycle, methane metabolism, nitrogen metabolism and sulfur metabolism. Overall energy metabolism of E.coli has 47 reactions, 87 compounds and 37 EFMs. The number of connected reaction sets of size at most two for this pathway is 130. Figure 5 plots the average recall values for four different similarity measures. The one with highest recall value for all different k is the functional similarity we propose in this paper. To see it in terms of numbers, when we consider top 20% of all the reaction sets (i.e., top 26 among 130) our similarity measure achieves ≈ 76% recall whereas the recall of the second best method (i.e., reaction participation similarity) stays at 57%. Also, our functional similarity reaches 95% recall at top 37% of all the reaction sets while the other methods can only achieve this recall at 64%, 77% and 90%. The results of this experiment suggest that the functional similarity is a more accurate measure Comparison of different similarity measures for identifying functionally similar reaction sets. We combine two connected reactions with probability 0.05 to introduce functionally equivalent but perturbed instances of the energy metabolism of E.coli. We measure recall as the percentage of identifying functionally equivalent parts of the original and 100 perturbed pathways within the top-k most similar reaction sets.
compared to existing ones in order to identify reactions sets that play similar biological roles in different pathways.
Prediction of Essential Reaction Sets
An important and well-studied problem in biology is to find the essential components of a metabolism. Often the essentiality of a gene of an organism is determined by looking at its knockout phenotype. The essentiality can take binary values (i.e., essential or non-essential) as well as categorical or continuous values. This notion of essentiality can also be extended to other components of the metabolism such as reactions, enzymes and compounds.
Here, we utilize our characterization of the impact of a reaction set to determine its essentiality for a metabolic pathway. Our intuition is that among two reaction sets of a pathway, the one with the bigger impact is more essential compared to the other. In order to test our hypothesis, we use different pathways of E.coli that contain essential reactions for the organism. We construct the set of all essential reactions using the essential genes listed in the online database PEC (Profiling of E.coli Chromosome) [10] . We extract 341 essential reactions in E.coli by using 302 essential genes listed in PEC. Table 1 lists eight metabolic pathways that contain different fractions of essential reactions. For each one of these pathways, we first enumerate all its connected reaction sets of size at most three. The term connected indicates that each reaction in the set is a neighbor of at least one other reaction in that set. Then, for each connected reaction set R, we compute its essentiality in P as the fraction of the steady states that are unreachable after inhibiting the reactions in R. Formally, we compute the essentiality by using our functional similarity as follows:
Essentiality(R, P) = Sim(R, P | P, P) = Sim(R, P | P) We calculate the essentiality as the functional similarity of R and the set of all reactions of P given the pathway P. After computing essentiality for each reaction set in this manner, we sort them in decreasing order according to their essentiality scores. We calculate the statistical significance of our ranking by calculating its p-value. More specifically, let p be the probability that a randomly selected reaction is essential and t, n denote the number of essential reactions and all reactions in top 10% of connected reaction sets according to our ranking respectively. The p-value of our prediction for this pathway is
We report p-values for the eight pathways of E.coli listed in Table 1 . Consider the Pyrimidine metabolism which is the first row in this table. The probability of a reaction being essential for this pathway is p = 10 69
= 0.145. Using this probability, the expected value of the number of appearances of essential reactions in top 10% of connected reaction sets for this pathway is 14.21 whereas according to our ranking we observe 111 appearances of essential reactions in this top 10%. This translates to a p-value in the order of E-15 which suggests strong statistical significance. All the p-values of the first six rows of Table 1 are also statistically significant (i.e., p-value< 0.05). For the last two pathways the p-value is greater than 0.05, however our method still reports more than the expected number of essential reactions.
Next, we take a closer look at how the statistical significance of our essentiality score changes when we consider different percentages of the highest scoring reaction sets. For this purpose, we use the Pyrimidine metabolism of E.coli and compute Z-scores for different percentages of k. Figure 6 plots the Z-scores for our method. We observe that Z-score reaches significant values even when we consider a small percentage of the top-k results. We achieve Zscore of 10 for top-10% which implies that our result is 10 standard deviations away from the random result and hence is statistically significant. Z-score reaches its peak at top-26.4%, which is shown by the dashed line in Figure 6 . At this point Z-score is 18.24 and of all the reaction sets up to that point, approximately 88% (228/259) contain at least one essential reaction. Considering that only 10 out of 69 reactions are essential, this 88% shows that our scoring scheme can successfully extract reaction sets with essential reactions by assigning them larger scores compared to the other sets. The results of this section indicates that the functional similarity measure we propose can be extended to define an essentiality score that can accurately identify essential reactions and reaction sets of 
CONCLUSION
Understanding the functional role of a component set of a metabolic pathway has been an important problem in molecular biology. Often homological and topological features of the pathways have been used for this purpose. However, the biological functions of two reaction sets can be equivalent even when their size, connectivity, intermediate products and catalyzing enzymes are different. Therefore, neither the topological features (e.g., centrality) nor the homological similarities (e.g, enzymes similarity, compound similarity) can provide sufficient information for identifying such functional similarities.
In this paper, we developed a systematic way to characterize and compute the functional similarity between two given reaction subsets in metabolic pathways. We built a mathematical model that explains the impact of a reaction set in terms of the set of possible steady states of its pathway. Specifically, our model computes the impact as the portion of the flux cone of the original pathway that cannot be achieved without the reactions in the set that we consider. Using this model, we characterized the functional similarity of two reaction sets from potentially different pathways. We achieved this by first lifting the flux cones of the pathways to a higher dimensional flux space that is the union of the flux spaces of these pathways. We, then, represented the functional similarity of two reaction subsets as the ratio of the volume of the intersection of the regions corresponding to their impacts on their pathways to the volume of the union of these regions. We developed a novel method that computes this ratio as follows. It first computes the Elementary Flux Modes (EFMs) of the pathway with and without the given reaction set. It, then, transforms the polyhedral cones into polytopes by taking their intersections with a hyperplane in the positive quadrant of the new flux space. Lastly, it calculates the intersection of these polytopes as the intersection of their minimum enclosing balls (MEB). Our experiments on real metabolic pathways demonstrated that our method can identify biological similarities accurately. Moreover, we observed that our definition of impact can provide biologically and statistically significant predictions of essential reaction sets.
Characterizing the function of a set of components (e.g., reactions) mathematically has great value in numerous applications of computational biology. Thus, we believe that the ideas developed in this paper has the great potential to lay foundations to many advances in understanding and comparing complex biological networks better.
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